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Abstract 

In this paper we will discuss how cosmic strings can be used to bridge 
the gap between the local geometry of our spacetime model and the global 
topology. The primary tool is the theory of foliations and surfaces, and 
together with observational constraints we can isolate several possibilities 
for the topology of the spatial section of the observable universe. This 
implies that the discovery of cosmic strings would not just be significant for 
an understanding of structure formation in the early universe, but also for 
the global properties of the spacetime model. 
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1. Introduction 

It is difficult to gather information on the global structure of the uni¬ 
verse, primarily because a common feature of most physical theories is that 
they are local. In general relativity, this is explicit because the construction 
of a smooth manifold includes only a local definition of the metric. Com¬ 
bining relativity with cosmological observations provides a powerful tool to 
study the geometric properties of spacetime, but it does not give us much 
insight into the topological structure of the model. The primary signature 
of non-trivial topology is repeated patterns or “ghost” images in deep sky 
surveys Q; 01 , and the theoretical considerations for such structure are ad 
hoc. 
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Cosmic strings present a unique opportunity to study the topological 
nature of the universe because they provide a connection between the large 
scale structure and the local geometry. The underlying reason for this con¬ 
nection is that these strings are topological defects which have a well-defined 
local description. In this paper we will demonstrate that local observations 
of these defects can be used to classify the foliations allowed in the spacetime 
model, which can restrict the topological structure of the universe. 

2. Cosmic Strings and Surfaces 

In this section we will review some basic facts about cosmic strings and 
isolate the context in which we are considering them. For more extensive 
reviews, see [3; 0] • 

A cosmic string is a byproduct of symmetry breaking in the early uni¬ 
verse. Depending on the symmetry which is being broken, there can be 
“defects” in the held, and a cosmic string is such a 1 -dimensional defect. 
More specifically, if the fields in question have a symmetry group G that 
is broken due to a nonzero vacuum expectation value, then the symmetry 
group of the equivalent vacuua is A4 = G/H, where H is the unbroken sub¬ 
group. If this group is not simply-connected (717 (A4) 7 ^ 0), then there are 
nontrivial loops of equivalent vacuua in the state space. If we assume A4 
is path-connected, let us call such a loop 7 : [ 0 , 1 ] —* M. and 7 ( 0 ) = 7 ( 1 ). 
Then for a nonzero vacuum state 0o 7 ^ 0, we have 7(x)0o = 4>o for all 
x G [0,1]. 

If there is a loop in physical space, oj : [0,1] — > M with o;(0) = (u(l), 
then the vacuum of the held at each point in the loop is (p 0 (uj(y )), y 6 [ 0 , 1 ]. 
Traveling around this loop in space corresponds to traveling around some 
loop (possibly more than once) in AA (otherwise the vacuum would not be 
unique); call this loop 7 from above. Then we will have 

7(x)Mv(y)) = 0o(w(o)). ( 1 ) 

In other words, for every point on the curve c 0 there is an element in A4 that 
will return to </> 0 - Then, by assuming path-connectedness, we can shrink c 0 
and 7 together. If the class of [7] G 717 (Ad) is zero, then we can shrink 
them both to a point. If [7] 7 ^ 0, then the loop is not trivial and cannot be 
shrunk to a point, and the same applies to uj. By playing this game with 
every closed loop in M, we can see that this develops into a 1-dimensional 
defect with points at the center of every loop we pick which localizes the 
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string. If we were to consider the higher homotopy groups, we would find 
other topological defects such as monopoles or domain walls. 

Physically, the string corresponds to a region of excess energy density 
where the original symmetry G is unbroken. Because of the excess energy 
density, this string will cause gravitational distortions in the surrounding 
manifold. If /i is the energy density of the string and we take the limit of 
vanishing string thickness (usually called the straight string approximation 
where Gfi « 1), we get a metric 

ds 2 = — dt 2 + dz 2 + dr 2 + (1 — 8 G/i)r 2 d0 2 . (2) 

This is identical to a flat cylindrical metric under a coordinate transforma¬ 
tion 9' — (1 — AGp)9, where 0 < O' < 2n(l — 4 Gfi). The angular coordinate 
therefore has an “angle deficit” 


A = 87t Gp, (3) 

and the constant (t, z) surfaces have the geometry of cones. It is important 
to note that this is a purely local representation for the surface transverse 
to the string. Also note that the energy density and the string tension are 
related via 15] 


T 

d ~9 ) 


(4) 


so in units c = 1, p = T so the density and tension of the strings are 
interchangeable concepts. 

Now consider a connected surface S which intersects a number of strings. 
These intersection points will generically cause the surface to be conical 
around the intersections. If this surface is compact, it can be given a flat 
metric as long as we allow for conical points [y; 7] (see also |Appcndix A[ ), 
so by identifying the conical points with the location of the strings, we can 
ensure our surfaces will be flat. Each conical point Pi has an associated 
maximum value of the angular coordinate 0{ = 2n{l — 4 Gpi). It is common 
to define A = 2i r(A + 1), which gives an alternate definition for the angle 
deficit 

A = -4 Gim (5) 

for the tension //,; of the string. The definition d3J) is common in the physics 
literature, whereas ([5]) is more common in the mathematics literature. 

The scalar curvature of a flat compact surface with m conical points is 


Rs = Ro - 4tt ^ A^ (Pi ), 


i=l 



where S(p) is the delta function with support at p and i? 0 is the scalar 
curvature of the surface with all the points removed (that is, Rq — 0). By 
integrating this expression and using the Gauss-Bonnet theorem, we see a 
global restriction on the sum of the angle deficits, which depends on the 
Elder characteristic of the surface y(iS): 

m 

2n X {S)+Y,(Oi-2n) = 0. ( 6 ) 

i 

Locally, these two descriptions are identical, so there is no physical dif¬ 
ference between the presence of cosmic strings and the presence of conical 
defects in onr spacetime model. A cosmic string will create conical defects 
along its length, whereas conical defects of embedded surfaces will be math¬ 
ematically identical to the presence of cosmic strings. Of course, there may 
be differences in the manifestation of these phenomena - for instance, it 
is thought that cosmic strings are either infinite in length or closed loops, 
whereas there is no a priori reason to disregard either isolated or finite sets 
of conical singularities. If the transverse surface is additionally taken to 
be compact, we have a topological restriction coming from the presence of 
the strings and condition [6l It turns out that the existance of any compact 
surfaces in the foliation will be a key restriction, and we will consider both 
the open and compact case in the rest of onr analysis. 

3. Observational Constraints 

Because strings carry energy density, they can influence both the large- 
scale evolution of the universe and the local distribution of matter. Strings 
in the early universe will influence the growth conditions for galaxies, and 
will leave an observational signature in the Cosmic Microwave Background 
(CMB). 

The most basic way to estimate the energy density of cosmic strings is 
to consider the string width to be equal to the Compton wavelength of the 
underlying held [3; S] • This gives the estimate 

Gp ~ V (7) 

\m p ij 

for the symmetry breaking scale p and Planck mass rn p i. Using the grand 
unification scale p ~ 10 16 GeV, we get the basic estimate Gp ~ 1CT 6 . 
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A model-independent probe can be found if one considers how cosmic 
strings should affect observations of the CMB. The strings create “wakes” in 
spacetime causing Doppler shifts, leading to temperature fluctuations in the 


CMB. This was originally modeled by jlO|; lll| . and a comparison to COBE 
data found Gg < 2.0 x 10“ 6 
limit to < 3.2 x 10“' liol. 


12]. The Planck group recently improved this 


As gravitating objects, cosmic strings could also have played a significant 
role in structure formation in the early universe. An analysis of WMAP data 
puts these limits at ~ 0.5 x 10“ 6 a , and including data from the South 
Pole Telescope breaks some parameter degeneracy to yield a more stringent 


bound, Gg < 1.7 x 10 ' (15 


If the surfaces transverse to the cosmic strings are compact, we can 
use these observational bounds with (JH]) to tightly constrain their topology. 
Along with ([3]) we can relate the sum of the string tensions to the Euler 
characteristic of the surface: 


X{S) = Sn^Gni. ( 8 ) 

To complete this estimate we will need to know how many strings we expect 
to see in the observable universe. This can be estimated by dynamical 
simulations [l6j], and the typical answer is the number of strings in one 
horizon volume is less than 10. Combining this with the strongest limits 
for the string tension, we estimate the observational bound on the Euler 
characteristic to be 

x(S) < 10- 6 . (9) 

The Euler characteristic of a surface is related to its genus by y = 2 — 2 g, 
and since it must be an integer, E] represents observational evidence that if 
cosmic strings exist, the surfaces which are transverse to them have genus 
g — 1, and so have the topology of a torus S 1 x S 1 . The assumption of 
connectedness is obviously a key component of this approach, since at this 
level nothing would prohibit the surface from being a disjoint sum such as 

S = S 1 x S 1 U § 2 U ... U § 2 . (10) 

4. Consequences for the Spatial Topology of the Observable Uni¬ 
verse 

In this section we will review some basic facts from foliation theory and 
construct a foliation for the spatial section of the observable universe. We 
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will simply focus on what will be needed to understand our results - for a 
more extensive review, see 0. We will then discuss how these results can 
be used to learn something about the topology of our spacetime model. 

Definition 1. A codimension-q foliation T is a smooth jn-manifold M 
together with a set of immersed submanifolds { L(called leaves) such that 
(J ; Lj = M and the coordinate charts {(U a ,(j) a )} on M satisfy 

cf a \ Li : U a -G R m ~« (11) 

The picture for a foliation is a book, where each page is a leaf. If the 
dimension of the leaves is not constant, the foliation is said to be singular. 
There are many important examples of foliations in the mathematical lit¬ 
erature, but the one most familiar to physicists will be the foliation of the 
universe into 3-spheres, usually denoted § 3 x R. 

A necessary condition for the existence of a foliation is that it possesses 
a distribution E, which is a choice of a (n — q)- dimensional subspace 
E p C T p M of the tangent space at every point p G M. The Frobenius 
theorem tells us that the condition for a distribution to represent a foliation 
is that it must be integrable. A distribution E is integrable if it is the 
tangent space to the submanifold at every point, 

TpifTpLi) = E p , Vp G M. (12) 

Since we are making the straight string approximation, we have a pre¬ 
ferred orthogonal subspace near the strings. By extending this subspace to 
the entire leaf, we have an explicit splitting of the tangent bundle, 

TM — TE © TS, (13) 

which means our foliation is transverse. In addition, since the spatial section 
E is a 3-manifold, y(E) = 0, and it supports a nowhere vanishing vector 
field. Using this vector field, we can give each L* an orientation, and our 
foliation is transversely orientable. 

Since we have a strict topological condition which can be applied in the 
case of compact leaves, we will need to know under what conditions we can 
choose the leaves to be compact. In fact, codimension-1 foliations are very 
rigid, and a single compact leaf can be a very restrictive global condition. 
For example, a basic result is 0: 

Theorem 1. If a smooth 3-manifold M with finite fundamental group allows 
a codimension-1 C r foliation T with r > 2, then T must have a compact 
leaf. 
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This motivates splitting our considerations into three categories - no 
compact leaves, at least one compact leaf, and foliations with entirely com¬ 
pact leaves. 


4-1. No Compact Leaves 

The presence of compact leaves are restrictive enough that if we suppose 
they don’t exist, we can still learn something about the topology of the 
spatial section. Using the theorem above, if the foliation does not have a 
single compact leaf, 7 Ti(E) is infinite. Specifically, the spatial section is not 
simply-connected. There are additional observational hints of this behavior 


in the WMAP data, in the form of a preferred direction in space 18; [19 


4-2. At Least One Compact Leaf 

If the foliation has at least one compact leaf, the resulting topology 
depends on if the leaf in question intersects a string or not. 


4-2.1. Does Not Intersect 

I 11 this case we can use Reeb stability, and the result depends on the 
topology of the leaf, rather than the topology of the spatial section. 

Theorem 2. fPjl Let M be a smooth, compact, connected manifold with a 
codimension-1 C r foliation T withr > 2 which has a compact leaf with finite 
fundamental group. Then every leaf of T is compact with finite fundamental 
group. 

If the leaf does not intersect a string but has finite fundamental group, 
then every other leaf must also have finite fundamental group. However, 
the observational constraints from §3] require the topology of closed surfaces 
intersecting the strings to have have genus g = 1 ( e.g. 71a(5) infinite). 
Therefore Reeb stability removes the possibility of a single compact leaf 
with finite 7Ti(iS). It has nothing to say about a single compact leaf with 
infinite fundamental group, but if cosmic strings are distributed evenly in 
space, this compact leaf would have to be small (cosmologically) to avoid 
intersections. 


4-2.2. Does Intersect 

If the compact leaf does intersect the strings, by our previous argument 
this is a g = 1 surface. However, if it is the only compact leaf (or the other 
compact leaves are outside it, e.g. contained in M\N for dN = S), then the 
foliation must be open inside. This situation describes a Reeb component , 
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in which a torus 8 1 x S 1 is foliated internally by planes K 2 . This case is 
particularly interesting, since any closed 3-manifold can be generated by 
Dehn surgery along a torus in a 3-sphere ( 20 I; 2l|. This can be done with a 
single torus or with multiple tori, and this construction would be rigid due 
to the presence of the strings (more on this in the next subsection). Such 
tori can also be combined with knot surgery to describe the matter content 
of the universe via exotic smoothness [22j. So at the current observational 
status of cosmic strings we cannot say anything further here, but if cosmic 
strings were actually discovered, we might be able to use their pattern on 
the sky to isolate the precise topology of the entire spatial 3-manifold, or 
confirm other models requiring embedded tori. 

4-3. All Compact Surfaces 

If every leaf in the foliation is compact, then as we have already argued, 
these surfaces must be of genus 1, and here we point out that this condition 
is a) stable and b) global. If we adopt the cosmological principle, then we 
cannot appeal to coincidence - if cosmic strings exist in the numbers which 
simulations predict, then the sum of their angle deficits must be zero. This 
is a local condition, in the sense that we are talking about the geometry 
near the string. However, ^ Gg cannot be far from zero away from strings 
either, or that would be easily seen in the CMB. By constraining the string 
tension, one can constrain the existence and type of conical singularities, 
since they have the same observational signature. Another way to look at 
this is if the topology of the transverse surfaces was to be anything other 
than g = 1 (say g = 0, topologically § 2 ), say with conical singularities away 
from the strings that had negative angle deficits, we would observe that as 
a massive source for cosmic strings. The lack of this signature means that 
if cosmic strings exist, the surfaces transverse to these strings are tori. 

This argument only applies directly to the observable universe, but ap¬ 
pealing again to the cosmological principle, we should be able to extend 
the foliation to the entire spatial section. We will also note that the exis¬ 
tence such a foliation is not a surprise, given the fundamental work done by 
Thurston on this topic 23| . He found that every closed connected manifold 
with zero Euler characteristic has a smooth codimension-1 foliation. This 
guarantees that we could find a foliation of the spatial section, but our goal 
here is to describe the specific foliation provided by the cosmic strings, and 
illustrate how it can be used to determine the topology of space. 




5. Summary 

We have proved the following: 

Theorem 3. If cosmic strings exist, the straight string approximation from 
§[H is valid, and the observational constraints of §0 apply, a foliation T of 
the spatial section £ exists, and there are three possibilities for its topology: 

• The foliation contains no compact surfaces, and £ is not simply- 
connected. 

• The foliation contains Reeb components corresponding to toroidal el¬ 
ements of a surgery. 

• The foliation contains a single, cosmologically small compact leaf and 
the topology of £ is otherwise unknown. 

From an observational standpoint, this situation is very optimistic. Ac¬ 
tual confirmation of cosmic strings would not only be important for high 
energy physics and cosmology, but it would also help to restrict the topology 
of the universe. Theoretically, the main interest here is the very existence of 
such bounds on topology of the spatial section. Since most of our physical 
theories are built on the local behavior of quantum fields, it is generically 
very difficult to access the global structure of spacetime. Cosmic strings 
provide a unique opportunity to study this global structure by connecting 
high energy theory and phenomenological cosmology with surface and fo¬ 
liation theory, ft is our hope that this work will be just a first step, and 
it will reveal other opportunities to study the global structure of spacetime 
via local geometry, either from cosmic strings or other unique, unexpected 
phenomena. 
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Appendix A. Flat Surfaces 


In this appendix we will briefly discuss how one can assign a flat metric 
to any surface, provided one allows for the existance of conical singularities. 


For more details, we refer to the reader to 24; [25]; [26 
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We will assume our surface S is Riemann with an atlas {(Hi, Zi )} where 
Zi : IA — y C are homeomorphisms and the overlaps, z t o zj 1 : Uj P| Uj —> C, 
are complex analytic. Any analytic function 0 in an open set hcC defines 
a line element dz by requiring that <f>dz 2 is real and positive. Specifically, 
arg(dz) = —1/2 arg (<f>(z)) + nn/2 and \dz\ = y/|0(z)|. On the overlap 
0 has the transformation property 

<t>j(zj) = M z i) 

0 is called a quadratic differential. We can use this analytic function to 
define a natural coordinate on U, L C S, 



in a region of a regular point p (i.e. not a zero or a pole). The transformation 
law for the quadratic differential in these coordinates is 

dw 2 = 0(CR 2 , 

so in the natural coordinates we have 4>(w) = 1. 

We now assume that 0 has only simple poles (the degree of the poles 
are greater or equal to -1). The norm of the quadratic differential 

101 = ljH z )\\dz 2 \ 

is therefore finite and determines a metric with length element y/\^(z)\\dz\. 
In the natural coordinates w above, this metric will be flat. 

In a region around a zero or simple pole q the quadratic differential can 
be written 

4>(z)dz 2 = ^^ z n dz 2 

where z(q) = 0 (Theorem 6.2 in [ 2 J]). In natural coordinates we can perform 
the integral above to find 

w(z) = Z\ 2 >, 

so w maps the open region around q to n + 2 half-planes as shown in figure 
IA.1I The metric in this region can be written 

ds 2 = dr 2 + (crdO) 2 
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with c = (n + 2)/2, and so the order of 0 around a cosmic string with string 
tension /i is 

n = —16 Gfi. 

Therefore, to avoid poles of order n < — 2, we require 



which is easily satisfied by current observations (see §3]). 



Figure A.l: The region around a pole of order 1, which maps to 3 copies of a half-plane 
with the identification —1 ~ 1 in C under the natural coordinates. 
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